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Dynamical Casimir effect of the optomechanical cavity interacting with one-dimensional photonic
crystal is theoretically investigated in terms of the complex spectral analysis of Floquet-Liouvillian
in the symplectic-Floquet space. The quantum vacuum fluctuation of the intra-cavity mode is
parametrically amplified by a periodic motion of the mirror boundary, and the amplified photons
are spontaneously emitted to the photonic band. We have derived the non-Hermitian effective
Floquet-Liouvillian from the total system Liouvillian with the use of the Brillouin-Wigner-Feshbach
projection method in the symplectic-Floquet space. The microscopic dissipation process of the
photon emission from the cavity has been taken into account by the energy-dependent self-energy.
We have obtained the discrete eigenmodes of the total system by non-perturbatively solving the
nonlinear complex eigenvalue problem of the effective Floquet-Liouvillian, where the eigenmodes
are represented by the multimode Bogoliubov transformation. Based on the microscopic dynamics,
the nonequilibrium stationary eigenmodes are identified as the eigenmodes with vanishing values
of their imaginary parts due to the balance between the parametric amplification and dissipation
effects. We have found that the nonlocal stationary eigenmode appears when the mixing between the
cavity mode and the photonic band is caused by the indirect virtual transition, where the external
field frequency to cause the DCE can be largely reduced by using the finite bandwidth photonic
band.
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2I. INTRODUCTION
A vacuum fluctuation is one of the most characteristic features of quantum mechanics with no classical analog [1]. Besides
the well-known examples of the quantum vacuum fluctuation such as Lamb shift [2], spontaneous emission [3, 4], and static
Casimir force[5, 6], the dynamical Casimir effect (DCE) provides a direct method to observe the quantum vacuum fluctuation.
The rapid motion of the boundary of an electromagnetic field invokes the conversion of localized virtual photons to real photons
[7–10]. The DCE has also attracted many researchers because of its close relation to Hawking radiation and the Unruh effect
[10]. Even with this interest, it has been difficult to experimentally observe the DCE because we need to move a boundary
almost at the same speed of light [7, 8]. The success of the observation of the DCE has been reported almost 40 years after
the prediction by Moore by using a superconducting circuit to change the boundary condition of the optical transmission line,
where they have revealed the quantum nature of the emitted field, such as entangled photons and the squeezing effect[11, 12].
The DCE has also been regarded as a parametric amplification of a vacuum fluctuation[9, 13]. Parametric amplification is
a well-known technique to amplify a weak signal to be observable by using a pumping external field [14–18], which is quantum
mechanically attributed to the virtual transition interaction yielding a squeezed vacuum state. While recent studies have shown
that the effect of the virtual transition interaction is manifested in an ultrastrong cavity QED [19–23], the parametric resonance
enhances the virtual transition interaction even for the small light-matter coupling.
Whereas the vacuum fluctuation is amplified inside the cavity, what we actually observe are real photons emitted to a
free radiation field as a spontaneous emission process. Therefore, it is important to clarify the microscopic mechanism of
the transition from an amplified virtual photon to a real photon emitted to free radiation field in order to understand the
DCE. Actually, the non-equilibrium stationary state generating a steady energy flow in the DCE is achieved as a result of the
microscopic balance between the parametric amplification and the dissipation of the spontaneous emission.
With regards to theoretical analyses, the dissipation processes of the DCE have been described by the input-output theories
[24–26], and the Lindblad type quantum master equations [20, 27, 28]. While these theories are mostly based on the Markov
approximation justified for the emission to a free radiation field with infinite bandwidth, they are inappropriate to describe a
spontaneous emission to a narrow-bandwidth photonic crystal with a bandgap [29–33]. Recent advances in hybrid quantum
systems, such as optomechanical systems where a photon emission process is manipulated at a single photon level, require a
theory of DCE, taking into account a microscopic dissipation mechanism [34–36].
Recently, the microscopic descriptions of the dissipation process have been developed, known as complex spectral analysis
[37–40] and non-Hemitian quantum mechanics [41–44]. In the complex spectral analysis, the functional space for a quantum
state is extended to the rigged Hilbert space where the dual functional space is equipped with a bi-complete and bi-orthonormal
basis set[45, 46], so that the time-evolution generator, Hamiltonian or Liouvillian, has complex eigenvalues. It has been clarified
that when we change the system parameters, such as the discrete mode energy, to be in resonance with the continuum, there
appears a bifurcation known as the exceptional point (EP) where the eigenvalues are changed to be from real to complex.
We have applied this theory to open quantum systems to study dissipation processes of a discrete quantum state interacting
with a continuum with a finite bandwidth. We have revealed that the decay is nonanalytically enhanced when the discrete
state is located closely to the bandedge of the continuum, and, as a result, it shows a nonanalytic decay process[47–50].
Therefore, in order to describe the DCE of a hybrid quantum system, it is important to study the competition between the
parametric amplification and the resonance instability which will be clarified only when we take into account the effect of the
energy-dependent self-energy.
In this paper, we theoretically study the parametric amplification of a quantum vacuum of an optomechanical cavity in-
teracting with a photonic band, where the mirror boundary is periodically moved by a classical external force, as shown in
Fig.1(a)[51]. The total system is composed of optomechanical cavity and photonic band states, and the time evolution of the
canonical operators obeys the Heisenberg equation, where the generator of the time evolution is determined by the commutator
with the Hamiltonian, i.e. the Liouvillian superoperator[52]. While the Liouvillian is time-dependent and the system energy
is no longer time-invariant due to the time-dependent external force, the symplectic inner-product of the mode functions is
time-invariant which ensures the existence of the canonical pair of the dynamical variables[7, 53–55].
In this work, we study the time evolution of the dynamical variables as the symplectic transformation in the symplectic space.
With the use of the Floquet method[28, 56, 57], we have transformed the time-dependent problem to a time-independent
eigenvalue problem to obtain the eigenmodes of the total system in the symplectic-Floquet space[58]. In the course of our
analysis, the non-Hermitian effective Liouvillian is first derived in terms of the Brillouin-Wigner-Feshbach projection operator
methods, where the microscopic dissipation process is rigorously taken into account with an energy-dependent self energy [59–
63]. The complex eigenvalue problem of the effective Floquet-Liouvillian is solved to obtain new normal modes in terms of the
multimode Bogoliubov transformation, where the stationary mode is determined by the one with a vanishing imaginary part
of its eigenvalue as a result of the balance between the parametric amplification and the dissipation. We have found out the
appearance of a non-local stationary modes as a result of the balance between the dissipation and the parametric amplification
of the cavity mode and the photonic bands, when the cavity mode frequency lies in a photonic bandgap and that we can reduce
the pump frequency to cause the DCE.
In Section II, we show the present model consisting of optomechanical cavity and photonic crystal, and the total Hamiltonian
for the system. The time evolution of the canonical variables are represented as the symplectic transformation in the symplectic
space. In Section III, with the use of the Floquet method, we transform the Heisenberg equation to the time-independent
complex eigenvalue problem of Floquet-Liouvillian. The effective Floquet-Liouvillian is derived by using Brillouin-Wigner-
Feshbach projection method in Section IV, where the microscopic dissipation effect is rigorously taken into account in terms of
the energy-dependent self-energy. The details of the derivation is shown in Appendix A. The self-consistent nonlinear complex
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FIG. 1. (a) Optomechanical cavity interacting with a photonic crystal. (b) The frequency of a single cavity mode is periodically
changed by mechanical pumping, and the cavity mode photon decays into one-dimensional photonic band. (c) Dispersion
relation of one-dimensional photonic band with a bandwidth of 2B and the central frequncy ωB .
eigenvalue problem of the effective-Liouvillian is numerically solved to obtain the complex eigenspectrum of the resonance
modes, where the competition between the parametric amplification and the dissipation may be clear in comparison with a
phenomenological calculation. We shall reveal the effect of the finite width of the photonic band on the DCE that the nonlocal
stationary mode appears as a result of the parametric mixing of the cavity mode and the photonic band. The results are
interpreted in terms of the perturbation analysis for the complex eigenvalue problem of the effective Floquet-Liouvillian, where
the cancellation of the multimode parametric mixing and the dissipation effect will be clear. The resonance modes of the total
system are represented in terms of the multimode Bogoliubov transformation in Appendix B, where the distinction between the
virtual photon and real photon components becomes clear as to whether the resonance effect is dominant. We make concluding
remarks in Section V, where we explain the advantage of using the coupling with the photonic band as a possible method to
reduce the external field frequency for the observation of the DCE.
II. MODEL AND SYMPLECTIC STRUCTURE
We consider a hybrid quantum system consisting of optomechanical cavity and one-dimensional photonic crystal, as shown
in Fig.1(a). We assume a single mode to be allowed to exist in the cavity, and the one end of the boundaries is periodically
moved by an external mechanical force with a frequency Ω, resulting in the periodical change of the cavity mode frequency.
Through the other end of the cavity, the parametrically amplified photons in the cavity are emitted into the one-dimensional
photonic band which is represented by a semi-infinite tight-binding model as shown in Fig.1(b).
In terms of a parametric amplification of quantum vacuum of the single cavity mode, we may consider the effective Hamil-
tonian represented by [13, 64]
Hˆ(t) = ω0aˆ†aˆ + f(t)(aˆ + aˆ†)2 + ∫ ωk bˆ†k bˆkdk + ∫ gk(aˆ†bˆk + bˆ†kaˆ)dk , (1)
where aˆ† (aˆ) and bˆ†k (bˆk) are the creation (annihilation) operators of the cavity mode and the photonic band, respectively. We
take h̵ = 1 in the present paper. The second term of Hˆ(t) represent the periodical change of the cavity mode frequency by the
external mechanical force with the oscillating amplitude
f(t) = f0 sin(Ωt + θ) , (2)
where Ω, f0, and θ are the pumping frequency, the amplitude, and the initial phase, respectively. The Hamiltonian (1)
represents a quantum analog of the damped Mathieu equation[28, 54]. Hereafter, we take the origin of time t0 = −θ/Ω, and
redefine t = t − t0.
4The dispersion relation of the photonic band described by a semi-infinite one-dimensional tight-binding model is given by
ωk = ωB −B cosk (0 ≤ k ≤ pi) , (3)
as shown in Fig.1(c). The interaction of the cavity with the photonic band is described by the last term of (1), where the
coupling strength for each k mode is given by gk = gB sink/√pi with a dimensionless coupling constant g. We have adopted the
rotating wave approximation as for the interaction between the cavity mode and the photonic band. Note that we have taken
the infinite limit of the total system’s degrees of freedom f resulting in the continuous wavenumber variables k in (1).
The time evolution of the Heisenberg operators is given by
−i d
dt
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
aˆ
bˆk⋮ˆ
a†
bˆ†k⋮
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
=
⎛⎜⎜⎜⎜⎜⎜⎜⎝
−ω0 − 2f(t) −gk ⋯ −2f(t) 0 ⋯−gk −ωk ⋯ 0 0 ⋯⋮ ⋮ ⋱ ⋮ ⋮ ⋱
2f(t) 0 ⋯ ω0 + 2f(t) gk ⋯
0 0 ⋯ gk ωk ⋯⋮ ⋮ ⋮ ⋮ ⋮ ⋱
⎞⎟⎟⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
aˆ
bˆk⋮ˆ
a†
bˆ†k⋮
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
≡ L(t)
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
aˆ
bˆk⋮ˆ
a†
bˆ†k⋮
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (4)
where 2f × 2f matrix L(t) is a representation matrix of the superoperator [Hˆ(t), ⋅] which we shall call the Liouvillian. We
represent the solution of the Heisenberg equation (4) by a 2f -dimensional column vector of the operators as
∣Ψˆ(t)⟩S = (aˆ(t),{bˆk(t)}, aˆ†(t),{bˆ†k(t)})T , (5)
where T denotes the transpose and {⋯} denotes all the wavenumbers of the photonic band. In (5) the first and the second half
elements correspond to the annihilation and the creation operators, respectively, and the meaning of the suffix S will be seen
below.
Introducing the basis set of (∣a⟩S ,{∣bk⟩S}, ∣a∗⟩S ,{∣b∗k⟩S}) represented by the column vectors
∣a⟩S ≡ (1,0,⋯; 0,0,⋯)T , ∣bk⟩S ≡ (0,⋯,1,⋯; 0,⋯)T ,∣a∗⟩S ≡ (0,0,⋯; 1,0,⋯)T , ∣b∗k⟩S ≡ (0,⋯,0,⋯; 0,⋯,1,⋯)T , (6)
we express the solution of the Heisenberg equation (5) as
∣Ψˆ(t)⟩S = aˆ(t)∣a⟩S + aˆ†(t)∣a∗⟩S + ∫ (bˆk(t)∣bk⟩S + bˆ†k(t)∣b∗k⟩S)dk , (7)
with the initial condition
∣Ψˆ(0)⟩S = aˆ∣a⟩S + aˆ†∣a∗⟩S + ∫ (bˆk ∣bk⟩S + bˆ†k ∣b∗k⟩S)dk. (8)
The basis set of (6) spans the 2f -dimensional complex vector space, the symplectic space (S-space) [7].
When the time evolution of the field is represented by the 2f × 2f time propagator matrix S(t; t0) as
∣Ψˆ(t)⟩S = S(t; t0)∣Ψˆ(t0)⟩S , (9)S(t; t0) obeys
−i d
dt
S(t; t0) = L(t)S(t; t0) , (10)
with the initial condition
S(t0; t0) = IS . (11)
In this work, we take t0 = 0, and cease to write t0, and a curly character represents an operator (matrix) in the S-space.
Note that the time-evolution generator L(t) possesses the symplectic symmetry in the S-space
LT (t) = JL(t)J , (12)
where the metric J in the S-space is defined by
J ≡ ( 0 If−If 0 ) (13)
with an f -dimensional identity matrix If . It follows from (10) and (12) that S(t) is symplectic
ST (t)JS(t) = J , (14)
5yielding the symplectic group Sp(2n,C)[7, 55, 65]. Therefore, the time evolution from ∣Ψˆ(0)⟩S to ∣Ψˆ(t)⟩S in (9) is regarded
as the symplectic transformation in the S-space. With the use of (14), indeed, it can be shown that under the symplectic
transformation by S(t), the symplectic inner-product of the vectors in the S-space is time-invariant:
{∣f(t)⟩, ∣g(t)⟩}S = {S(t)∣f(0)⟩,S(t)∣g(0)⟩}S = {∣f(0)⟩, ∣g(0)⟩}S , for∀∣f(0)⟩S , ∣g(0)⟩S ∈ S (15)
where the symplectic inner-product is defined by
{∣f⟩, ∣g⟩}S ≡ ∣f⟩TSJ ∣g⟩S . (16)
Therefore, the symplectic inner-product of the basis set (6) is also time-invariant:
{∣j(t)⟩, ∣j′(t)⟩}S ≡ {S(t)∣j(0)⟩,S(t)∣j′(0)⟩}S = {∣j⟩, ∣j′⟩}S = (Jj,j′) , (j, j′ = a,{bk}, a∗,{b∗k}) . (17)
Substituting (8) into (9), we may alternatively represent ∣Ψˆ(t)⟩ defined by (7) in terms of the time-evolved basis as
∣Ψˆ(t)⟩S = aˆ∣a(t)⟩S + aˆ†∣a∗(t)⟩S + ∫ (bˆk ∣bk(t)⟩S + bˆ†k ∣b∗k(t)⟩S)dk , (18)
where ∣j(t)⟩S ≡ S(t)∣j⟩S (j = a,{bk}, a∗,{b∗k}).
Associated with the S-space, we define the dual space, S˜-space, whose dual basis (S˜⟨j˜∣, S˜⟨j˜∗∣), is defined by
S˜⟨a˜∣ ≡ ∣a⟩T , S˜⟨b˜k ∣ ≡ ∣bk⟩T , S˜⟨a˜∗∣ ≡ ∣a∗⟩T , S˜⟨b˜∗k ∣ ≡ ∣b∗k⟩T (19)
so that the symmetric inner product with the basis of S-space is given by[55]
S˜⟨j˜∣j′⟩S ≡ δj,j′ , (j = a,{bk}, a∗,{b∗k}) . (20)
The left basis set together with the right-basis defined in (6) forms the bi-completeness relation in the S˜ ⊗ S-space:
IS˜S = ∣a⟩SS˜⟨a˜∣ + ∣a∗⟩SS˜⟨a˜∗∣ + ∫ dk (∣bk⟩SS˜⟨b˜k ∣ + ∣b∗k⟩SS˜⟨b˜∗k ∣) . (21)
Multiplying the left-basis (19) from the left to (18) and equating it with (7), we have
( jˆ(t)
jˆ†(t)) = ( {⟨j˜∣S(t)∣j′⟩} {⟨j˜∣S(t)∣j′∗⟩}{⟨j˜∗∣S(t)∣j′⟩} {⟨j˜∗∣S(t)∣j′∗⟩})( jˆ′jˆ′†) = ( {⟨j˜∣j′(t)⟩} {⟨j˜∣j′∗(t)⟩}{⟨j˜∗∣j′(t)⟩} {⟨j˜∗∣j′∗(t)⟩})( jˆ′jˆ′†) , (j = a, bk) , (22)
where we have denoted the 2f -dimensional column vector of the operators (aˆ(t),{bˆk(t)}, aˆ†(t),{bˆ†k(t)})T by (jˆ(t), jˆ†(t))T ,
and have eliminated the suffix S (or S˜) of the vectors avoiding a heavy notation. The 2f × 2f matrices in (22) are called
the fundamental matrix solution, where {⟨j˜∣S(t)∣j′⟩} and {⟨j˜∣j′(t)⟩} denote the f × f block matrices[55]. It is shown in (22)
that the operator solutions of the Heisenberg equation are given by the Bogoliubov transformation of the bare operators with
the representation of the matrix S(t) in terms of the left- and right-basis of {∣j⟩, ∣j∗⟩} and {⟨j˜∣,{⟨j˜∗∣}. With the use of the
symplecticity of the matrix S(t), it can be shown that the commutation relation
[jˆ(t), jˆ′†(t)] = δj,j′ , [jˆ(t), jˆ′(t)] = [jˆ†(t), jˆ′†(t)] = 0 , (23)
holds at an arbitrary time t > 0. Our purpose is to find the symplectic transformation to write S(t) in a diagonal form, which
determines the eigenmodes of the total system.
As an example, we illustrate the case of a time-independent system, i.e. L(t) = L, where we show that S(t) is represented by
the eigenstates of L in the S-space. It is found from the symplectic symmetry of L (12) that the eigenvalues of L are obtained
as a pair of the opposite signs, z and z¯ ≡ −z, which we assign to an annihilation and a creation eigenmodes when the real
parts of the eigenvalues are negative and positive, respectively. The right-eigenvalue problems for the annihilation and creation
modes read
L∣φξ⟩ = zξ ∣φξ⟩ , L∣φ¯ξ⟩ = z¯ξ ∣φ¯ξ⟩ , (ξ = 1,⋯, f) (24)
where ξ is the indices of specifying the eigenmodes. With the use of the bi-completeness (21), we can represent
∣φξ⟩ = ⨋
j=a,bk ∣j⟩ (⟨j˜∣φξ⟩ + ∣j∗⟩⟨j˜∗∣φξ⟩) , (25a)∣φ¯ξ⟩ = ⨋
j=a,bk ∣j⟩ (⟨j˜∣φ¯ξ⟩ + ∣j∗⟩⟨j˜∗∣φ¯ξ⟩) , (ξ = 1,⋯f) . (25b)
Then we define the right-eigenmatrix represented by
Φ ≡ ( {⟨j˜∣φξ⟩} {⟨j˜∣φ¯ξ⟩}{⟨j˜∗∣φξ⟩} {⟨j˜∗∣φ¯ξ⟩}) , (j = a, bk; ξ = 1,⋯, f) , (26)
6where {⟨j˜∣φξ⟩},{⟨j˜∣φ¯ξ⟩},{⟨j˜∗∣φξ⟩}, and {⟨j˜∗∣φ¯ξ⟩} denote the f ×f block matrices. The right-eigenvalue problem is rewritten byLΦ = ΦZ , (27)
where Z is the diagonal eigenvalue matrix
Z ≡ diag({zξ},{z¯ξ}) . (28)
It follows from the symplectic symmetry of L (12) that the eigenmatrix is symplectic[55]:
ΦTJΦ = J . (29)
Similarly the left-eigenvalue problem reads
⟨φ˜ξ ∣L = zξ⟨φ˜ξ ∣ , ⟨ ˜¯φξ ∣L = z¯ξ⟨ ˜¯φξ ∣ . (30)
and the left-eigenmatrix is defined by
Φ˜ ≡ ({⟨φ˜ξ ∣j⟩} {⟨φ˜ξ ∣j∗⟩}{⟨ ˜¯φξ ∣j⟩} {⟨ ˜¯φξ ∣j∗⟩}) , (j = a, bk; ξ = 1,⋯, f) . (31)
The left-eigenvalue problem of L is also written by
Φ˜L = ZΦ˜ , (32)
where we see the symplecticity
Φ˜J Φ˜T = J . (33)
By comparison with (27) and (32), we find
Φ˜ = J TΦTJ , Φ˜Φ = I , (34)
where we have used the relation
JZ +ZJ = 0 . (35)
The relations (34) gives the explicit relations of the matrix elements between Φ and Φ˜ as
{⟨ϕ˜ξ ∣j⟩ = ⟨j∗∣ϕ¯ξ⟩⟨ϕ˜ξ ∣j∗⟩ = −⟨j∣ϕ¯ξ⟩ , {⟨ ˜¯ϕξ ∣j⟩ = −⟨j∗∣ϕξ⟩⟨ ˜¯ϕξ ∣j∗⟩ = ⟨j∣ϕξ⟩ . (36)
With the use of these eigen-matrices, the time propagator S(t) is expressed by
S(t) = eiLt = Φ exp [iZt] Φ˜ . (37)
The eigenmode operators of the system {ψˆξ, ˆ¯ψξ} are obtained in the form of the Bogolibov transformation:
(ψˆˆ¯ψ) = Φ˜( jˆjˆ†) . (38)
III. SYMPLECTIC FLOQUET SPACE
Since the Liouvillian L(t) is time periodic, the Floquet method in the S-space can be used to obtain the eigenmodes of the
present system[28, 55–58, 66]. According to the Floquet-Lyapunov theorem, we write
S(t) = Φ(t) exp[iZt] , (39)
with a Floquet periodic matrix
Φ(t + T ) = Φ(t) , (40)
where Φ(t) and Z are represented in the same way as (26) and (28):
Φ(t) ≡ ( {⟨j˜∣ϕξ(t)⟩} {⟨j˜∣ϕ¯ξ(t)⟩}{⟨j˜∗∣ϕξ(t)⟩} {⟨j˜∗∣ϕ¯ξ(t)⟩}) , Z = diag({zξ},{z¯ξ}) . (41)
7Substituting (39) into (10), we have derived the right-eigenvalue problem of the Floquet-Liouvillian LF(t) in the S-space as
LF(t)Φ(t) ≡ [L(t) + i d
dt
]Φ(t) = Φ(t)Z . (42)
Since S(t) is symplectic, so is Φ(t):
Φ(t)TJΦ(t) = J . (43)
When we define
Φ˜(t) ≡ J TΦ(t)TJ , (44)
we find that Φ˜(t) becomes the left-eigenmatrix of L(t):
Φ˜(t)LF (t) = Φ˜(t) ⎡⎢⎢⎢⎢⎣L(t) + i
←Ð
d
dt
⎤⎥⎥⎥⎥⎦ = ZΦ˜(t) . (45)
with its matrix form as
Φ˜(t) ≡ ({⟨ϕ˜ξ(t)∣j⟩} {⟨ϕ˜ξ(t)∣j∗⟩}{⟨ ˜¯ϕξ(t)∣j⟩} {⟨ ˜¯ϕξ(t)∣j∗⟩}) . (46)
It follows from (44) that
Φ˜(t) = Φ(t)−1 . (47)
The relations of the matrix elements between Φ(t) and Φ˜(t) are given by (36) .
The relations of Φ(t) and Φ˜(t)
Φ˜(t)Φ(t′) = Iδ(t − t′) , Φ(t)Φ˜(t′) = Iδ(t − t′) , (48)
represents the bi-orthonormality and bi-completeness in the S-space, respectively. Indeed, the first equation reads⟨ϕ˜ξ(t)∣ϕξ′(t′)⟩ = ⟨ ˜¯ϕξ(t)∣ϕ¯ξ′(t′)⟩ = δξ,ξ′δ(t − t′) , (49a)⟨ϕ˜ξ(t)∣ϕ¯ξ′(t′)⟩ = ⟨ ˜¯ϕξ(t)∣ϕξ′(t′)⟩ = 0 , (49b)
and the second equation reads
I = ⨋ dξ (∣ϕξ(t)⟩⟨ϕ˜ξ(t)∣ + ∣ϕ¯ξ(t)⟩⟨ ˜¯ϕξ(t)∣) . (50)
Now we shall solve the eigenvalue problem of the Floquet-Liouvillian (42) to represent S(t) in terms of the spectral de-
composition in the composite symplectic-Floquet space F ≡ S ⊗ T , where the composite space F ≡ S ⊗ T is composed of the
symplectic vector space S and the space T of periodic functions in time with period T [57]. The details of how to construct
the F-space is shown in Appendix A. In the F-space, we transform the time-dependent differential equation (42) to time-
independent eigenvalue problem of the Floquet-Liouvillian in terms of the Floquet mode representation[28, 56–58], as shown in
(A7). In the F-space, the symplectic Floquet eigenmatrix Φ(t) in the S-space is expressed as a t-component of the symplectic
Floquet-vector ∣Φ) by
Φ(t) ≡ (t∣Φ) = ( {⟨(j˜, t∣ϕξ)⟩} {⟨(j˜, t∣ϕ¯ξ)⟩}{⟨(j˜∗, t∣ϕξ)⟩} {⟨(j˜∗, t∣ϕ¯ξ)⟩}) , (51)
where we have used (41).
The eigenvalue problem of the symplectic Floquet-Liouvillian in the F-space then readsLF∣Φ) = ∣Φ)Z , (Φ˜∣LF = Z(Φ˜∣ , (52)
where the explicit matrix form of LF in the F-space is given by (A6) in terms of the symplectic-Floquet mode basis set of{∣j, κn)⟩, ∣j∗, κn)⟩} (j = a, bk, κn = nΩ;n = 0,±1,⋯) . Note that the Floquet-Liouvillian holds symplectic symmetry:JLFJ = LTF . (53)
We have shown the level scheme of the Floquet-Liouvillian in the F-space in Fig.2. Annihilation ∣a,n)⟩ and creation modes∣a∗, n)⟩ of the Floquet cavity modes couple with the corresponding Floquet photonic band states ∣bk, n)⟩ and ∣b∗k, n)⟩, respectively,
as indicated by the thin arrows. When the cavity mode frequency ω0 is in resonance with the photonic band frequency, i.e.∣ω0 − ωB ∣ < B, a cavity photon is spontaneously emitted out to the photonic band. This is the first type of the instability,
resonance instability. In addition, the annihilation and creation cavity modes of the adjacent Floquet modes, ∣a,n)⟩ and∣a∗, n ± 1)⟩, are coupled by the virtual transition which causes parametric instability, indicated by the dashed arrows. This is
the second type of instability. In the present system, the balance between the resonance instability and parametric instability
determines a non-equilibrium stationary photon emission in the DCE. Since when the external field frequency Ω is close to
twice the cavity mode frequency, i.e. Ω ≃ 2ω0, the virtual transition causes efficiently the parametric amplification, we focus on
the interactions between the states of the Floquet unit indicated by the dashed box in Fig.2. In the next section, we construct
the effective Floquet-Liouvillian of the cavity modes of the Floquet unit and illustrate the effect of the microscopic dissipation
mechanism on the cavity DCE.
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FIG. 2. Level scheme of the Floquet Liouvillian LF in the F-space. There are discrete levels ∣a,n)⟩ (∣a∗, n)⟩) for each Floquet
mode κn which couples with the photonic band states ∣bk, n)⟩ (∣b∗k, n)⟩) as indicated by the thin arrows. In addition, the virtual
transition between ∣a,n)⟩ and ∣a∗, n)⟩ which causes parametric instability, indicated by the dashed arrows. Two different types
of the instability mechanisms coexist in the present system. The dashed box indicates the Floquet unit that we focus on in the
present analysis.
IV. COMPLEX SPECTRA OF THE EFFECTIVE FLOQUET-LIOUVILLIAN, NON-EQUILIBRIUM
STATIONARY MODE
When Ω ≃ 2ω0, since parametric amplification is mainly attributed to the virtual interaction between ∣a,n)⟩ and ∣a∗, n+1)⟩, we
may restrict ourselves to the subspace of (∣a,0)⟩,{∣bk,0)⟩}, ∣a∗,1)⟩,{∣b∗k,1)⟩}). The Floquet-Liouvillian matrix of the restricted
subspace is represented by an infinite dimensional matrix:
L(0)F = ⎛⎜⎜⎜⎝
−ω0 + Ω2 −gk −if0 0−gk −ωk + Ω2 0 0−if0 0 ω0 − Ω2 gk
0 0 gk ωk − Ω2
⎞⎟⎟⎟⎠ , (54)
where we have written the matrix elements of a wavenumber k which represents all the continuous photonic band states. In
(54), we have shifted the diagonal matrix element by Ω/2 to keep the symplectic symmetry, so that the eigenvalue matrix Z ′
are shifted by
Z ′ = Z + Ω
2
(55)
in the complex eigenvalue problem (52). By using Feshbach-Brillouin-Wigner projection method[59–63], we incorporate the
interaction of the cavity modes with the photonic bands into the energy-dependent self-energy in terms of the projection
operators
Pa = ∣a,0)⟩⟨(a˜,0∣ + ∣a∗,1)⟩⟨(a˜∗,1∣ , Qa ≡ 1 −Pa , (56)
as shown in Appendix A. The formal expression of the effective Floquet-Liouvillian
Leff(Z ′) ≡ PLFP +PLFQ 1Z ′ −QLFQQLFP . (57)
results in the two-by-two matrix in the {∣a,0)⟩, ∣a∗,1)⟩}-subspace given by
Leff(z′) = (Ω2 − ω0 − σ (Ω2 − z′) −if0−if0 − (Ω2 − ω0) + σ (Ω2 + z′)) . (58)
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FIG. 3. Coupling scheme of the bifurcations of resonance and parametric amplification, where ω˜ and γ indicates the real part
of the eigenvalues.
For the present one-dimensional photonic band is represented by the semi-infinite chain tight-binding model, the self-energy is
analytically given by[48, 67]
σ(z) ≡ B2
pi ∫ pi0 g2 sin2 kz − ωk dk = g2 (z − ωB −√(z − ωB)2 −B2) , (59)
where we will take B = 1 as an energy unit in the present work. Taking the parameter values as
ω′0 ≡ ω0 − Ω
2
, ω′B ≡ ωB − Ω
2
, (60)
the effective Floquet-Liouvillian is written as
Leff(z′) = (−ω′0 + σ(z′ + ω′B) −if0−if0 ω′0 + σ(z′ − ω′B)) , (61)
where we shall take the second Riemann sheet for the two-valued self energy function defined by the Cauchy integral, so that
the creation mode decays in time under the resonance situation [45, 46, 68, 69]. In (61) we have defined the self energies of the
two Riemann sheets as
σI(z) ≡ g2 (z −√z2 − 1) , σII(z) ≡ g2 (z +√z2 − 1) . (62)
It is seen in (61) that the virtual transition in the off-diagonal elements and the complex self-energy in the diagonal elements
represent the parametric instability and the resonance instability, respectively. Therefore, the effective Liouvillian describes
the exponential instabilities in the DCE from a unified point of view.
The right-eigenvalue problem of the effective Liouvillian reads
Leff(z′ξ)Pa∣ϕξ)⟩ = z′ξPa∣ϕξ)⟩ , Leff(z¯′ξ)Pa∣ϕ¯ξ)⟩ = z¯′ξPa∣ϕ¯ξ)⟩ , (63)
It should be noted that this eigenvalue problem is nonlinear in the sense that the effective Liouvilian itself depends its own
eigenvalue, and that the eigenvalues of the effective Liouvillian coincides with the total system Liouvillian only when we take
into account the energy-dependent self-energy, as in our previous studies [45, 47, 49, 63, 67, 70–72].
The eigenvalues of (58) are obtained by solving the characteristic equation
{z′ + ω′0 − σ(z′ + ω′B)}{z′ − ω′0 − σ(z′ − ω′B)} + f20 = 0 . (64)
It is seen that the equation remains the same by the change of z → z¯ = −z, by means of which we confirm that taking into
account the energy dependence of the self-energy is essential to hold the symplectic symmetry of the correct dynamics. Correct
consideration of the analytic continuation for the self-energy brings about the four solutions. The physical origin of the four
solutions are assigned to a mixture of the resonance and antiresonance modes for each of cavity creation and annihilation
modes, as shown in Fig.3.
In terms of the complex spectral analysis, we can identify the stationary mode whose eigenvalue has a vanishing value of the
imaginary part, i.e., Imzj = 0, as a result of the balance between the parametric amplification and the dissipation. We show
the imaginary parts of the eigenvalues of Leff for ω′B = 0 (Ω = 2ωB) in Fig.4, where we change the cavity frequency ω0 while
the values of f0 = 0.2 and g = 1/pi are fixed. In this case, the neighboring Floquet-photonic bands are overlapped, as shown in
Fig.4(b).
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FIG. 4. (a) Imaginary part of the complex eigenvalues of Leff as a function of ω0 for the coupled optomechanical cavity with the
photonic band, where the parameters are taken ω′B = 0(Ω = 2ωB), B = 1, f0 = 0.2, and g = 1/pi. The horizontal axis represents
ω′0(≡ ω0 −Ω/2). The bifurcation points are indicated by the open circles, and the stationary points are indicated by the black
filled circles; (b) Floque–Liouvillian level scheme of the ∣a∗,1)⟩, ∣a,0)⟩, ∣b∗k,1)⟩, and ∣bk,0)⟩ states, denoted by a∗, a, b∗k, bk in the
figure, respectively. The vertical axis denotes the frequencies of the modes in the Floquet–Liouvillian. The dotted line is drawn
at −Ω/2 as a guide.
As ω′0 decreases, we encounter the bifurcation of the resonance instability at ω′0 = ω0 −Ω/2 ≃ B = 1.0, where the cavity mode
becomes resonant with the photonic band, resulting in the bifurcation to resonance and anti-resonance modes. In this figure,
a positive Imz′ξ indicates a decaying direction as t →∞, seen from (39). With a further decrease of ω′0, the frequencies of the
creation and annihilation cavity modes come close, and the effect of the virtual transition between them becomes significant.
Then, we encounter the second bifurcation of parametric instability at ω′0 ≃ f0 = 0.2, where the downward and upward branches
correspond to the parametric amplification and deamplification, respectively. As we further decrease ω0, we reach the stationary
point where Imz′ξ = 0, as a result of a balance between the parametric amplification and the dissipation effects, as indicated by
the black filled circles. At this point, the stationary energy flow coming out from the cavity to the photonic band is achieved
with the spontaneous photon emission. The figure clearly demonstrates that this stationary DCE has been determined by
solving the dispersion equation (64) taking into account the energy dependence of the self-energy.
Here, we compare the present results with a phenomenological model of a damped parametric amplifier whose classical
motion is represented by a damped Mathieu equation[28]
x¨ + γx˙ + ω(t)2x = 0 , (65)
where
ω2(t) = ω20 (1 + 4f0
ω0
sin(Ωt)) , (66)
and γ is a phenomenological dissipation constant. Corresponding Heisenberg equation reads
−i d
dt
( aˆ
aˆ†
) = (−ω0 − 2f(t) + i γ2 −2f(t) − i γ2
2f(t) − i γ
2
ω0 + 2f(t) + i γ2 )( aˆaˆ†) , (67)
where the cavity mode operators are defined in a usual manner
aˆ = 1√
2ω0
(ω0xˆ + ipˆ) , aˆ† = 1√
2ω0
(ω0xˆ − ipˆ) . (68)
Similarly as above, by using Floquet-Lyapnov theorem, we can write down the Floquet-Liouvillian in the {∣a,0)⟩, ∣a∗,−1)⟩}
subspace under the effective parametric amplification condition Ω ≃ 2ω0. The phenomenological Floquet–Liouvillian is then
written as a constant matrix:
Lph = (−ω′0 + i γ2 −if0 − i γ2−if0 − i γ2 ω′0 + i γ2 ) , (69)
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FIG. 5. Imaginary part of the complex eigenvalues of the phenomenological model as a function of ω0 for the values of f0 = 0.2
and γ = 1/pi, where the horizontal axis represents ω0 −Ω/2.
where we shift the frequency by Ω/2 as before. The complex eigenvalue is immediately obtained by
z′∓ = z∓ + Ω
2
= i γ
2
∓ i√(f0 + γ
2
)2 − ω′20 . (70)
In Fig.5, we show the imaginary part of the solutions. Within the parameter range of ∣ω′0∣ < f0+γ/2 the parametric amplification
of the cavity mode happens and the stationary mode appears at
ω′0 = ±√f0(f0 + γ) (71)
as a balance between the parametric amplification and dissipation. Meanwhile, since this phenomenological model assumes a
flat-band radiation with an infinite bandwidth, the resonance bifurcation does not appear.
The band edge effect is pronounced when the two photonic bands for the creation and annihilation modes of the neighboring
Floquet modes are shifted. In Fig.6, we show the results for ω′B = −∆/2 with ∆ = 3B/2 so that the neighboring Floquet photonic
bands are shifted by ∆, as shown in Fig.6(d), where the other parameters are fixed at the same values of Figure 4. The overall
behavior of Imz′ξ is shown in Fig.6(a), where we have seen again the parametric bifurcation of the cavity mode indicated by
the four open circles, and the stationary points indicated by the two black filled circles as a result of the balance between the
resonance instability and the parametric amplification of the cavity modes.
Nonetheless, we find very different behaviors of the spectrum in the region of ω′0 > 0.1B as indicated by the broken box in
Fig.6(a), which is expanded in Figs.6(b) and (c). For ω′0 ≃ −ω′B +B ≲ 1.75B, the creation (annihilation) mode is in resonance
with the annihilation (creation) photonic band modes, as shown in Fig.6(d). Even though there is no direct virtual transition
coupling between the cavity and the photonic band modes, these modes can be indirectly coupled through the virtual coupling
of the cavity modes. Consequently, the multimode parametric amplification happens between the cavity and photonic bands
at ω′0 ≃ 1.75B as shown in Fig.6(c), where the multimode parametric bifurcation point is indicated by the open circle. As ω′0
decreases, each cavity modes becomes in resonance with the corresponding photonic bands. As a result, the decay into the
photonic band and the multimode parametric amplification is balanced to yield a new type of the nonequilibtirum stationary
mode around ω′0 ≃ ω′B +B = 0.25B as indicated by the gray filled circle in Fig.6(b). This nonequilibrium stationary mode is
nonlocal in the sense that it is represented by a mixture of the cavity mode and the phtonic band modes. Indeed, the eigenmode
is obtained by a multimode-Bogoliubov transformation of the cavity mode and the photonic band of the total system as shown
in Appendix B [17]. As ω′0 further decreases, the direct decay to the photonic band becomes more effective, and the parametric
amplification of the intra-cavity modes gives rise to the parametric bifurcation as shown by the open circles in Fig.6(b).
In order to understand the appearance of the nonlocal stationary mode as shown in Fig.6(b), we perturbatively consider
the complex eigenvalue problem of the effective Floquet-Liouvillian (61). Here we specifically consider the creation mode inLeff(z′). The perturbed eigenvalue is obtained up to the second order of the virtual transition coupling f0 as
z¯′(2) = ω′0 + σII(ω′0 − ω′B) − f20
2ω′0 + σII(ω′0 − ω′B) − σII(ω′0 + ω′B) (72a)= ω′0 + σII(ω′0 − ω′B)
− f20
R2(ω′0) {2ω′0 +Re [σII(ω′0 − ω′B) − σII(ω′0 + ω′B)] − iIm [σII(ω′0 − ω′B) − σII(ω′0 + ω′B)]} (72b)
where we denote
R(ω′0) ≡ (2ω′0 +Re [σII(ω′0 − ω′B) − σII(ω′0 + ω′B)])2 + (Im [σII(ω′0 − ω′B) − σII(ω′0 + ω′B)])2 . (73)
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FIG. 6. (a) Overall picture of the imaginary part of the complex eigenvalues of Leff as a function of ω0 for the coupled
optomechanical cavity with the photonic band, where the parameters are taken ω′B = −∆/2, ∆ = 3B/2, B = 1, f0 = 0.2,
and g = 1/pi. The horizontal axis represents ω′0. The parametric bifurcation points are indicated by the open circles, and the
stationary points are indicated by the filled circles. (b,c) Expanded pictures of the dotted box area in (a). Multimode stationary
point is indicated by the gray filled circle. (d) Floquet–Liouvillian level scheme of the ∣a∗,1)⟩, ∣a,0)⟩, ∣b∗k,1)⟩, and ∣bk,0)⟩ states,
where the vertical axis denotes the frequencies of the modes in the Floquet–Liouvillian.
In (72), the imaginary part is given by
Imz¯′(2) = ImσII(ω′0 − ω′B) + f20
R2(ω′0) Im [σII(ω′0 − ω′B) − σII(ω′0 + ω′B)]= (1 + f20
R2(ω′0)) Im[σII(ω′0 − ω′B)] − f
2
0
R2(ω′0) Im[σII(ω′0 + ω′B)] . (74)
The first term is attributed to the ordinary dissipation of the cavity creation mode to the photonic creation band, where the
analytic continuation of the self energy is taken such that the creation mode decays in time as mentioned in (61): Im σII(ω′0 −
ω′B) > 0 for ∣ω′0 −ω′B ∣ < B. The second term is attributed to the indirect coupling of the cavity creation mode with the photonic
annihilation band via the virtual transition of the cavity modes, which gives the negative contribution to Imz¯′(2). This term
causes the multimode parametric amplification between the cavity mode and the photonic band for ∣ω′0 + ω′B ∣ < B. Therefore,
when both resonance conditions of σII(ω′0 − ω′B) and σII(ω′0 + ω′B) are satisfied for ∆/2 −B < ω′0 < B −∆/2, where ∆ ≡ −2ω′B ,
the dissipation and the multimode parametric amplification is balanced to gives rise to the nonlocal stationary mode. For
B −∆/2 < ω′0, the resonance condition for σII(ω′0 − ω′B) is no longer satisfied, so that the multimode parametric amplification
instability happens in the parameter rage of B −∆/2 < ω′0 < B +∆/2 with the multimode parametric bifurcation as shown in
Fig.6(c).
We have obtained the explicit expression of the resonance eigenmodes in Appendix B where the balance between the
parametric amplification and the resonance decaying is also well reflected in the form of the eigenmodes. Although this
simple perturbation analysis qualitatively explains the cause of the nonlocal stationary mode, it is necessary to employ the
non-perturbative analysis to determine the nonlocal stationary mode as shown in the present work. The non-perturbative
analysis is especially required when the photonic band has a singularity in the density of states, such as Van Hove singularity
in the one-dimensional system [47, 50].
V. CONCLUSIONS
In this paper, we have studied the DCE of the optomechanical cavity interacting with a one-dimensional photonic crystal
in terms of the complex spectral analysis of Floquet-Liouvillian in the symplectic-Floquet space, where the quantum vacuum
fluctuation of the intra-cavity mode is parametrically amplified by a periodic motion of the mirror boundary, and the amplified
photons are spontaneously emitted to the photonic band. The virtual transition interaction of the cavity mode is enhanced by
the parametric resonance with the external oscillating field. The effective non-Hermitian Floquet-Liouvillian has been derived
13
|b⇤k, 0)i
FIG. 7. Floquet–Liouvillian level scheme in a situation direct dissipation to the photonic band is suppressed and multimode
parametric amlification is induced with the external driving frequency Ω much smaller than 2ω0.
from a Heisenberg equation of the total system by using the Floquet method and the Brillouin-Wigner-Feshbach projection
method, where we have taken into account a microscopic dissipation process in terms of the energy-dependent self energy.
The non-Hermitian effective Floquet-Liouvillian has clarified the competing roles of the parametric amplification due to the
virtual transitions and the dissipation due to the resonance. The nonequilibrium stationary modes have been obtained as a
result of the balance between the two instabilities, where the eigenmode of the Liouvillian is represented by the Bogoliubov
transformation. The photonic band edge effect is prominent when the cavity mode frequency is close to the band edge. In this
case, the indirect coupling between the cavity mode and photonic band via the virtual transition of the cavity modes yields the
nonlocal stationary mode, which is represented by the multimode-Bogoliubov transformation of the cavity mode and photonic
band.
Lastly, we would emphasize a practical advantage of the present model for the observation of the DCE. A major obstacle
for the observation of the DCE is the difficulty to move the boundary with almost twice the cavity frequency, Ω ≃ 2ω0.
However, the results of the preceding section indicate that we may use the lower frequency pump field to induce the multimode
parametric amplification, which is attributed to the indirect virtual coupling between the cavity mode and the photonic band
while suppressing the direct dissipation to the photonic band. In Figure 7, we show the frequency level scheme of aˆ†, aˆ, bˆ†k, and
bˆk for that situation. First, in order to suppress the direct dissipation to the photonic band, the cavity mode frequency must
be outside of the photonic band:
ω0 > ωB +B. (75)
Under this condition, when the pumping field is taken as
Ω ∼ 2ω0 − (ω0 − ωB +B) , (76)
the creation (annihilation) cavity mode is in resonance with the annihilation (creation) mode of the photonic band so that
the multimode parametric amplification happens. It is clear from (75) and (76) that the multimode parametric amplification
happens for Ω < 2ω0 − 2B, far smaller than 2ω0. Therefore, the major obstacle can be diminished.
Very recently, a method to reduce the mirror frequency for the DCE has been proposed to take advantage of a nonlinear
interaction of the quantized mirror motion and the cavity photon mode [36, 73], where the strong nonlinear mixing between
the mirror motion and cavity mode is assumed to be represented by the dressed state representation. Our proposal provides an
alternative method for the reduction of the pump frequency to induce the multimode parametric amplification by using a finite
bandwidth photonic band, i.e., a control of the dissipation process. It is considered that the characteristics of the emitted
photon are varied according to different types of the DCE emission processes.
In the present work, we have found three different types of the stationary modes. One is a stationary state well below the
two bifurcation thresholds, where a cavity squeezed vacuum state is associated with a localized virtual photon cloud of the
photonic band, and the periodic Rabi oscillation happens between the cavity squeezed vacuum and the virtual photon cloud.
The second one is the multimode DCE, where the stationary spontaneous photon emission to the photonic band happens with
the two-photon entanglement between the cavity mode and the photonic band. The third one is the ordinary DCE, where an
entangled cavity photon pair is emitted to the photonic band. We can observe the two-photon entanglement of the emitted
photons by a quantum correlation observation, such as the homodyne detection method [17, 18]. The study of the real-time
dynamics of these photon emission processes is now underway.
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Appendix A: Appendix A: Floquet-Liouvillian complex eigenvalue problem and effective operator
In this section, we briefly review the Floquet method according to Ref.[56, 57, 74], and derive the effective Floquet-Liouvillian
in the symplectic space given in (58). The composite space F ≡ S ⊗ T is composed of the symplectic vector space S and the
space T of periodic functions in time with period T [57]. In T -space, any periodic function of t is represented as a vector
f(t) ≡ (t∣f), where the time basis is an eigenstate of a time operator tˆ∣t) = t∣t), and the conjugate operator is given by pˆt ≡ i∂/∂t
. The eigenstate of pˆt is given by
∣κn) = 1
T ∫ T0 eiκnt∣t)dt , (A1)
where κn = nΩ = 2pin/T , (n = 0,±1,±2,⋯), satisfying
pˆt∣κn) = κn∣κn) . (A2)
The time basis is given by the transformation of
∣t) = ∞∑
n=−∞ e
−iκnt∣κn) . (A3)
Together with the basis of S-space, the complete orthonormal basis set in the F-space is formed by {∣j, t)⟩, ∣j∗, t)⟩} or{∣j, κn)⟩, ∣j∗, κn)⟩} (j = a, bk) in terms of the time- or Floquet-mode-representations, respectively, where ∣⋅, ⋅)⟩ denotes a vector
in the F-space. In this paper, we have abbreviated as n ≡ κn. These basis satisfy the complete-orthonormality in the F-space
as
I = 1
T
∑
j
∫ T
0
dt∣j, t)⟩⟨(j˜, t∣ , ⟨(j˜, t∣j′, t′)⟩ = Tδ(t − t′)δj,j′ , (A4)
in terms of {∣j, t)⟩}, or
1 = ∞∑
n=−∞∑j ∣j, n)⟩⟨(j˜, n∣ , ⟨(j˜, n∣j′, n′)⟩ = δn,n′δj,j′ , (A5)
in terms of {∣j, n)⟩} basis set.
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Using the transform of (A1), the Floquet-Liouvillian LF(t) (42) is represented in terms of the Floquet-mode representaion
as
LF =
∣a,1)⟩ ∣bk,1)⟩ ∣a,0)⟩ ∣bk,0)⟩ ⋯ ∣a∗,1)⟩ ∣b∗k,1)⟩ ∣a∗,0)⟩ ∣b∗k,0)⟩⟨(a˜,1∣ −ω0 −Ω −gk if0 0 ⋯ 0 0 if0 0⟨(b˜k,1∣ −gk −ωk −Ω 0 0 ⋯ 0 0 0 0⟨(a˜,0∣ −if0 0 −ω0 −gk ⋯ −if0 0 0 0⟨(b˜k,0∣ 0 0 −gk −ωk ⋯ 0 0 0 0⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮⟨(a˜∗,1∣ 0 0 −if0 0 ⋯ ω0 −Ω gk −if0 0⟨(b˜∗k,1∣ 0 0 0 0 ⋯ gk ωk −Ω 0 0⟨(a˜∗,0∣ if0 0 0 0 ⋯ if0 0 ω0 gk⟨(b˜∗k,0∣ 0 0 0 0 ⋯ 0 0 gk ωk
(A6)
where we show the matrix only for the n = 0 and n = 1 Floquet modes and a particular k mode of the photonic band, for
simplicity. The complex eigenvalue problem of the Floquet-Liouvillian reads in time-independent form as given byLF∣ϕξ)⟩ = zξ ∣ϕξ)⟩ , LF∣ϕ¯ξ)⟩ = z¯ξ ∣ϕ¯ξ)⟩ . (A7)
It should be noted that while the virtual transition couplings make LF non-Hermitian, for example as ⟨(a˜∗,1∣LF∣a,0)⟩ =⟨(a˜,0∣LF∣a∗,1)⟩ = −if0, LF holds the symplectic symmetry for an entire statesJLFJ = LTF . (A8)
which ensures that the derived results are consistent with the microscopic dynamics.
Under the condition of
Ω − 2B ≫ f0 , (A9)
which is satisfied for the narrow photonic band and small external amplitude, we can restrict ourselves to the {∣a,0)⟩, ∣bk,0)⟩, ∣a∗,1)⟩, ∣b∗k,1)⟩}-
subspace.
In order to maintain the symplectic symmetry, we shift the energy origin by Ω/2 so that
L(0)F =
∣a˜,0)⟩ ∣bk,0)⟩ ∣a∗,1)⟩ ∣b∗k,1)⟩⟨(a˜,0∣ −ω0 + Ω2 −gk −if0 0⟨(b˜k,0∣ −gk −ωk + Ω2 0 0⟨(a˜∗,1∣ −if0 0 ω0 − Ω2 gk⟨(b˜∗k,1∣ 0 0 gk ωk − Ω2
, (A10)
where ∣bk,0)⟩ and ∣bk,1)⟩ state represents other continuous states for the n = 0 and n = 1 Floquet modes, respectively. The
shifted eigenvalue problems reads L(0)F ∣ϕξ)⟩ = z′ξ ∣ϕξ)⟩ , L(0)F ∣ϕ¯ξ)⟩ = z¯′ξ ∣ϕ¯ξ)⟩ . (A11)
where
z′ξ ≡ zξ + Ω
2
(A12)
Using the projection operators [63] ofPa = ∣a,0)⟩⟨(a˜,0∣ + ∣a∗,1)⟩⟨(a˜∗,1∣ , Qa ≡ 1 −Pa , (A13)
we have derived the effective Floquet-Liouvillian [45, 50, 63, 67, 75]
Leff(z) ≡ PLFP +PLFQ 1
z′ −QLFQQLFP . (A14)
in the {∣a,0)⟩, ∣a∗,1)⟩}-subspace as
Leff(z) = ∣a,0)⟩ ∣a∗,1)⟩⟨(a˜,0∣ Ω
2
− ω0 − σ (Ω2 − z′) −if0⟨(a˜∗,1∣ −if0 − (Ω2 − ω0) + σ (Ω2 + z′) , (A15)
where in order to maintain the symplectic symmetry, we shift the energy origin by Ω/2, yielding the effective Floquet-Liouvillian
represented by a two-by-two matrix in terms of {∣a,0)⟩, ∣bk,0)⟩, ∣a∗,1)⟩, ∣b∗k,1)⟩}. In (A15) the self-energy is analytically obtained
for the interaction of the cavity mode with the one-dimensional photonic crystal as
σ(z) ≡ B2
pi ∫ pi0 g2 sin2 kz − ωk dk = g2 (z − ωB −√(z − ωB)2 −B2) . (A16)
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Appendix B: Resonance eigenmode of Floquet-Liouvillian
In Section IV, we have shown three different types of stationary modes, one stable mode and two resonance modes, by solving
the complex eigenvalue problems of the effective Floquet-Liouvilia. The difference of these stationary modes will be clarified
when we observe the eigenmodes of the total system Floquet-Liouvilian.
Taking care of the analytic continuation, we consider the right-eigenstates corresponding to the resonance modes of the
effective Liouvillian (61). The complex eigenvalue problem of the effective Floquet-Liouvillian
Leff(z′ξ)Pa∣ϕξ)⟩ = z′ξPa∣ϕξ)⟩ , (B1)
reads
⎛⎝−ω′0 + σ(z′ + ω′B) −if0−if0 ω′0 + σ(z′ − ω′B)⎞⎠⎛⎝ ⟨(a˜,0∣ϕξ)⟩⟨(a˜∗,1∣ϕξ)⟩⎞⎠ = z′ξ ⎛⎝ ⟨(a˜,0∣ϕξ)⟩⟨(a˜∗,1∣ϕξ)⟩⎞⎠ . (B2)
The ratio of the components for the canonical pair of the creation mode ∣ϕ¯ξ)⟩ and the annihilation mode ∣ϕξ)⟩ are given by
⟨(a˜,0∣ϕ¯ξ)⟩⟨(a˜∗,1∣ϕ¯ξ)⟩ = z¯
′
ξ − ω′0 − σ(z¯′ξ − ω′B)−if0 , ⟨(a˜∗,1∣ϕξ)⟩⟨(a˜,0∣ϕξ)⟩ = −if0z′ξ − ω′0 − σ(z′ξ − ω′B) , (B3)
The eigenstates of the total system is obtained by adding the component of the complementary space which is defined given
by
Qa∣ϕξ)⟩ = 1
z −QaLFQaQaLFPa∣ϕξ)⟩ . (B4)
We then have
∣ϕξ)⟩ = ⟨(a˜,0∣ϕξ)⟩{∣a,0)⟩ − ∫ dk gkz′ξ + ω′B − ωk ∣bk,0)⟩} + ⟨(a˜∗,1∣ϕξ)⟩{∣a∗,1)⟩ − ∫ dk gkz′ξ − ω′B + ωk ∣b∗k,1)⟩} , (B5a)
∣ϕ¯ξ)⟩ = ⟨(a˜∗,1∣ϕ¯ξ)⟩{∣a∗,1)⟩ − ∫ dk gkz¯′ξ − ω′B + ωk ∣b∗k,1)⟩} + ⟨(a˜,0∣ϕ¯ξ)⟩{∣a,0)⟩ − ∫ dk gkz¯′ξ + ω′B − ωk ∣bk,0)⟩} . (B5b)
With the use of the relation of (36), the left-eigenmode functions are similarly obtained as
⟨(ϕ˜ξ ∣ = ⟨(a˜∗,1∣ϕ¯ξ)⟩{⟨(a˜,0)∣ − ∫ dk gkz¯′ξ − ω′B + ωk ⟨(b˜k,0∣} − ⟨(a˜,0∣ϕ¯ξ)⟩{⟨(a˜∗,1∣ + ∫ dk gkz¯′ξ + ω′B − ωk ⟨(b˜∗k,1∣} , (B6a)
⟨( ˜¯ϕξ ∣ = ⟨(a˜,0∣ϕξ)⟩{⟨(a˜∗,1∣ + ∫ dk gkz′ξ + ω′B − ωk ⟨(b˜∗k,1∣} − ⟨(a˜∗,1∣ϕξ)⟩{⟨(a˜,0)∣ − ∫ dk gkz′ξ − ω′B + ωk ⟨(b˜k,0∣} . (B6b)
The normalization constants ⟨(a˜,0∣ϕξ)⟩ and ⟨(a˜∗,1∣ϕ¯ξ)⟩ are determined by the normalization condition (49) for all the degrees
of freedom including the photonic band states, which reads
1 = ⟨(ϕ˜ξ ∣a,0)⟩⟨(a˜,0∣ϕξ)⟩ + ⟨(ϕ˜ξ ∣a∗,1)⟩⟨(a˜∗,1∣ϕξ)⟩ + ∫ dk {⟨(ϕ˜ξ ∣bk,0)⟩⟨(b˜k,0∣ϕξ)⟩ + ⟨(ϕ˜ξ ∣b∗k,1)⟩⟨(b˜∗k,1∣ϕξ)⟩} . (B7)
With the use of (36) we have
⟨(a˜∗,1∣ϕ¯ξ)⟩⟨(a˜,0∣ϕξ)⟩ = ⎡⎢⎢⎢⎢⎢⎣1 +
d
dz
σ(z¯′ξ − ω′B) + z¯′ξ − ω′0 − σ(z¯′ξ − ω′B)
z¯′ξ + ω′0 + σ(z¯′ξ + ω′B)
⎧⎪⎪⎪⎨⎪⎪⎪⎩1 +
d
dz
σ(z′ + ω′B)∣
z′=z¯′
ξ
⎫⎪⎪⎪⎬⎪⎪⎪⎭
⎤⎥⎥⎥⎥⎥⎦
−1
. (B8)
The eigenmode operators are obtained from these left-eigenmode functions with the use of the relations of (38) as a multimode
Bogoliubov transform of
ϕˆξ = ⟨(a˜∗,1∣ϕ¯ξ)⟩{aˆ − ∫ dk gkz¯′ξ − ω′B + ωk bˆk} − ⟨(a˜,0∣ϕ¯ξ)⟩{aˆ† + ∫ dk gkz¯′ξ + ω′B − ωk bˆ†k} , (B9)
ˆ¯ϕξ = ⟨(a˜,0∣ϕξ)⟩{aˆ† + ∫ dk gkz′ξ + ω′B − ωk bˆ†k} − ⟨(a˜∗,1∣ϕξ)⟩{aˆ − ∫ dk gkz′ξ − ω′B + ωk bˆk} . (B10)
